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Stress redistribution caused by damage onset and the subsequent local softening plays an important role in
determining the ultimate tensile strength of a cellular structure. The formation of damage process zones
with struts dissipating a ﬁnite amount of fracture energy will require the macroscopic stress to be
increased in order to continue structural damage. The goal of this paper is to investigate the inﬂuence of
the fracture energy of the solid on the tensile fracture strength and the strain to fracture in quasi-brittle
two-dimensional foams using a microstructural model. We analyze the mesoscopic damage and failure
mechanisms in uniaxial tension. Relative density, strut cross-sectional proﬁle, solid’s fracture strain, and
fracture energy are varied systematically. The effect of the speciﬁc fracture energy on the peak behavior
has been shown to be captured by the ratio of the fracture energy to the stored elastic energy. We have
also explored the net section strength variation in the presence of a central crack at two different fracture
energies. Comparison is made between two structurally identical quasi-brittle and ductile strain harden-
ing foams to identify the differences in the damage mechanisms.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Cellular materials are increasingly being used in a variety of
engineering applications, for example as sandwich panels, automo-
bile components, catalytic converters, ﬁlters, and in thermal insu-
lations. Depending on their constituent material, the mechanical
response could either be brittle or ductile under tension. Ductile
metallic foams usually feature a non-linear hardening regime be-
fore developing any extensive damage (Amsterdam et al., 2008;
Mangipudi and Onck, 2011a). Ceramic foams, on the other hand,
are very brittle (Brezny and Green, 1995); they are linear-elastic
up to the fracture stress and fail by a catastrophic failure due to
a single propagating crack. A cell wall fails when it reaches the crit-
ical fracture stress. Without the need to increase the macroscopic
stress, the neighboring struts will also fail due to stress redistribu-
tion. A cluster of failed cell walls thus formed will act like a crack
and the stress concentration at the crack-tip leads to a propagating
crack (Gibson and Ashby, 1997). However, in case of a quasi-brittle
strut material, the struts reaching the critical fracture stress do not
unload instantaneously and begin to redistribute stress to the
neighbors before their complete failure. This leads to a damage
process zone with partially failed struts. Due to such damage pro-
cess zones, quasi-brittle foams (e.g. bone) feature an additional
short non-linear loading regime before the fracture strength is
reached. Hence, the ultimate fracture strength will be dependent
on the dissipated fracture energy in addition to the relative densityll rights reserved.
+31 50 3634886.and solid’s fracture stress. In ductile honeycombs, the dependence
of the strength and ductility on the cellular structure (relative den-
sity, structural anisotropy, and randomness) and solid’s mechani-
cal properties (strain hardening exponent, critical fracture stress,
and fracture strain) have been studied in Mangipudi and Onck
(2011a). The aim of the present study is to study how the ultimate
tensile strength of quasi-brittle two-dimensional foams is inﬂu-
enced by the speciﬁc work of fracture of the solid. Additionally,
we will investigate the inﬂuence of relative density, the critical
fracture stress of the solid and strut shape on the tensile behavior
of quasi-brittle foams. We will also study the variation in net sec-
tion strength in the presence of an internal crack by means of a
central crack panel (CCP).
The paper is organized as follows. In Section 2, we brieﬂy de-
scribe the microstructural model. The results of the numerical cal-
culations are presented in Section 3. A comparison of the failure
behavior of quasi-brittle and ductile structure is made in Section
4 and the conclusions are presented in Section 5.2. Microstructural model
We use the microstructural model based on a Voronoi represen-
tation of the cellular architecture of a two-dimensional foam
(Fig. 1(a)) as presented in Mangipudi and Onck (2011a), which ac-
counts for damage and unloading at the strut level. A brief descrip-
tion of the approach is be given below.
The edges of the Voronoi structure represent the struts as
shown in Fig. 1(b). During macroscopic loading, each strut cross
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Fig. 1. Microstructural model: (a) Voronoi description of the two-dimensional
cellular solid, (b) an arbitrarily oriented strut discretized into beam elements of
different thickness, (c) a beam element with ﬁbers in its local co-ordinate system,
(d) an element of the ﬁber under simple tension.
Symm.
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and Dj, respectively. From these axial strain and curvature incre-
ments, the strain increment at any material point is given by
DeðyÞ ¼ De yDj which, integrated in time, determines the cross
sectional strain state. Material constitutive laws for elastic defor-
mation and damage are incorporated at the material point level
within the strut (see Fig. 1(c)). Based on the deformation state
(elastic or damaging) and the stress rðyÞ at the material point,
the tangent modulus Et is obtained from the material constitutive
laws. Once the strain increments are known, the stress state across
the thickness rðyÞ can be updated from DrðyÞ ¼ EtDeðyÞ. The gen-
eral beam constitutive laws relating the incremental element
strains fDe;Djg and the stress resultants (i.e. the normal force
and moment) fDP;DMg via a tangent stiffness are obtained by inte-
grating the incremental stress state DrðyÞ at a cross section. Note
that the tangent stiffness changes along the strut length as the
stress state changes from one cross section to the other.
In the ﬁnite element implementation, the struts are discretized
using two-noded Euler–Bernoulli beam elements (Fig. 1(b)). Each
beam element is represented by a ﬁnite number of ‘‘ﬁbers’’ across
the thickness as shown in Fig. 1(c) and each ﬁber is assumed to be
in a state of uniaxial tension/compression (Fig. 1(d)). The effect of
plastic constraints developing multiaxial stresses after local yield-
ing will be neglected. Upto the critical fracture stress, the material
along a ﬁber deforms linear elastically (see Fig. 2(a)). When the
critical fracture stress rF is reached, deformation concentrates in
a zone where damage forms, leading to a relation between stress
and displacement (Fig. 2(b)). A linear traction-separation relation-
ship is deﬁned according to
r ¼ rF 1 uf rF2C0
 
; ð1Þ
where C0 is the fracture energy dissipated per unit area of cross sec-
tion of the beam.
Given the current stress state of a ﬁber at y, the tangent modu-
lus EtðyÞ is given byuf
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Fig. 2. Constitutive behavior of the strut material incorporated into the multiscale
model shown in Fig. 1: (a) the linear elastic stress–strain law and (b) the traction-
separation relation during failure.EtðyÞ ¼
E if jrðyÞj < rF;
 r
2
F
2C0
lc during damage;
8<
: ð2Þ
in which an instantaneous softening modulus containing the cur-
rent element length lc is deﬁned in accordance with the stress-
displacement law in Eq. (1). Using Eq. (2), the tangent stiffness
can be numerically evaluated with the help of ﬁbers. The reader is
referred to Mangipudi and Onck (2011a) for further details of the
ﬁnite element implementation.
2.1. Simulation details
Finite-sized Voronoi structures of width W=d and height H=d
(while d being the average cell size) have been used in this study.
All the Voronoi structures are generated with an overall regularity
parameter d ¼ 0:9 (Zhu et al., 2001). All struts have a uniform cross
section and the same thickness given by t ¼ Sq=ltst, where S is the
specimen volume per unit out-of-plane thickness, q ¼ q=qs is the
relative density (q is the density of the foam and qs is the density
of the strut material, and ltst is the sum of all strut lengths). It
should be noted that the relative density prescribed in this fashion
would be an overestimation compared to its true value as the
material at the nodes is counted more than once due to overlap-
ping struts. This error depends on the topology and strut proﬁle
and increases non-linearly with increasing relative density (Gong
et al., 2005). Twenty integration points (ﬁbers) across the thickness
are used for each beam element to integrate the element stiffness
matrix when it is inelastic. The notches in CCP are introduced after
assigning the strut thickness according to the relative density.
Fig. 3(a) shows the applied displacement boundary conditions on
unnotched structures, consistent with loading through perfectly
bonded rigid face-sheets. The lateral sides are subjected to zero
traction boundary conditions. For CCP specimens, we set the verti-
cal displacement v ¼ U and v ¼ 0 at the top and bottom edges,
respectively, in addition to fx ¼ m ¼ 0 with fx being the force in
the horizontal direction and m the moment. These boundary con-
ditions allow for a horizontal displacement u and rotation / of
the top and bottom boundary nodes. Symmetry boundary condi-
tions (u ¼ / ¼ fy ¼ 0) are imposed at the nodes along the vertical
symmetry line (see Fig. 3). Here, fy is the force in the vertical direc-
tion. The choice of a symmetric specimen can be justiﬁed as the
cells near the symmetry line are shielded by the crack and the
net section strength of a full CCP specimen differs by about 2.5%
for a=W ¼ 0:18 and by 7% for a=W ¼ 0:55, shown in open circles
in Fig. 8. All the simulations on unnotched specimens have beenW
U
H
W/ 2
Hb
a
B/ 2
Fig. 3. Schematic of sample geometries: (a) uniaxial tensile specimens and (b)
central crack panels (CCP). The shaded area of the CCP indicate the portion of the
structure chosen for the calculations. Symmetry boundary conditions are enforced
along the symmetry line.
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imens are 40 cells in height and 11 cells in their width so that
W=d ¼ 22.
The macroscopic stress on the unnotched sample r is given by
the total force F at the top boundary divided by the cross sectional
area of the sample Wb, with the out-of-plane thickness b taken to
be unity. The applied strain is calculated as  ¼ U=H, where U is
the applied vertical displacement at the top boundary and H is
the initial specimen height. The net section stress rnet of the CCP
specimens is given by the total force at the top boundary of the
symmetric specimen divided by bB=2, where B is the initial liga-
ment size. Averaging of the macroscopic properties is carried out
over four random realizations and the standard deviation is shown
with error bars in the relevant ﬁgures in the following sections. A
strain mapping procedure discussed in Mangipudi and Onck
(2011a) is used to visualize the ‘‘local strain’’ ﬁelds. If eij is the ‘‘lo-
cal strain’’ in these two-dimensional structures, the corresponding
mean and effective strains are deﬁned as
em ¼ 12 eii and ee ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
e0ije0ij
r
ði ¼ 1;2Þ; ð3Þ
with e0ij ¼ eij  em, and eij ¼ ðui;j þ uj;iÞ=2, where ui;j ¼ @ui=@xj.
The Young’s modulus is 70 GPa for all simulations, while the
non-dimensional fracture energy 2EC0=ðr2F l0Þ is chosen between
3 to 50 (l0 is the average strut length), which are typical of alumi-
num alloys. Unless otherwise speciﬁed, the relative density is equal
to 0.1, while the default values for rF ¼ 41 MPa and 2EC0=ðr2F l0Þ ¼
7. The critical fracture stress will be adjusted accordingly while
studying the effect of non-dimensional fracture energy.
3. Results and discussion
We start by examining the separate stages of deformation and
failure during tensile loading. A typical stress–strain curve is
shown in Fig. 4. The default elastic modulus and yield stress values
are used, while the normalized fracture energy is taken to be 5. The
macroscopic stress r is normalized by the fracture strength of a
regular hexagonal honeycomb made of the same material,
rfr;HC ¼ rFð1=3Þðq=qsÞ2 (Gibson and Ashby, 1997). Three macro-
scopic regimes can be identiﬁed in the tensile response shown in
Fig. 4: (i) a linear regime, approximately upto ‘B’, with no macro-
scopically permanent strain, (ii) a non-linear regime (from ‘B’ to
‘C’) where mechanisms responsible for determining the fractureε*
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Fig. 4. Failure of a quasi-brittle Voronoi honeycomb: stress–strain curve and effective st
damage locations (which dissipated more than 1% of the total fracture energy) are labele
damage.path are operative, and (iii) a softening regime of crack formation
and propagation leading to ﬁnal failure (from ‘C’ onwards). Within
the ﬁrst regime, the structure is essentially elastic everywhere un-
til the instant ‘A’, which marks the ﬁrst damage initiation event
(see the stress–strain curve in Fig. 4). During this ﬁrst phase the lo-
cal stress and strain distribution is more or less homogeneous over
the structure, with a few exceptions where slightly larger local
stresses and strains develop due to the structural randomness. Be-
yond this, a number of struts distributed uniformly over the struc-
ture begin to damage, although only a few of them have been
found to continue the damage process. It may be noticed in
Fig. 4(B) that only one strut dissipates greater than 1% of the total
fracture energy by the end of the ﬁrst regime at ‘B’. After the in-
stant ‘B’, the second regimes starts when accumulation of damage
in the structure reduces the overall stiffness, and the stress–strain
response becomes non-linear. This is an important regime as it
hosts the processes that ultimately determine the peak stress of
the structure. Among the various damaging struts, only a few
struts show accelerated damage. These are generally situated in
the regions that shows locally higher strains as can be noted in
strain map B of Fig. 4. The applied strains are accommodated
in these regions assisted by local damage. Such a situation exists
in different parts of the structure, where groups of damaging struts
form active sites, interact and compete with each other in order to
negotiate an energetically favorable failure path. During this phase,
the stresses continue to increase and new struts will initiate and
develop damage. When a collection of these regions link-up
through accelerated damage development, the peak is reached
and a fracture path is formed (see strain map C in Fig. 4). Later,
strains localize in this fracture band and damage elsewhere will
cease. The rest of the structure elastically unloads, while the mac-
roscopic stress also reduces. A large crack forms from the right
edge of the specimen, which ﬁnally leads to complete separation
of the specimen.
In Fig. 5, we explore the stress–strain behavior as a function of
relative density within the range of 0.08 to 0.16. The underlying
structure for the four relative densities is unchanged, while the
strut thickness is adjusted in tune with the relative density. The
material properties are kept constant at the default values. It
may be recalled here that we neglect shear deformation of the
struts. When shear deformation is also accounted for (Gibson and
Ashby, 1997), the elastic modulus is lowered by about 3% and
10% in regular hexagonal honeycombs for relative densities of*
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Fig. 5. Macroscopic stress–strain curves for different relative densities with ﬁxed material properties and for the same Voronoi structure (left). The ﬁgure on the right shows
the same data after normalization.
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Fig. 6. Inﬂuence of non-uniform cross section on the stress–strain curves. Next to
each curve, the corresponding strut proﬁles are shown in the same scale.
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dral foams, however, a much larger inﬂuence due to shear defor-
mation has been reported (Gong et al., 2005). All the
unnormalized stress–strain curves for different relative densities
in Fig. 5 collapse onto nearly one curve when the macroscopic
stress r is normalized with rfr;HC and the macroscopic strain 
with fr;HC ¼ ð2=9Þ ðrF=EÞðq=qsÞ1, suggesting that the peak stress
and peak strain scale with a power 2 and 1, respectively, with the
relative density. Note that the peak strain of ductile structures also
exhibits a similar scaling exponent (Mangipudi and Onck, 2011a).
A small deviation from collapsing onto a single curve along with
clear ordering with relative density can be observed. The reason
for this deviation is related to the increase in the overestimation
of the relative density due to overlapping struts at the junctions.
The results presented above have been conducted on structures
with constant thickness along the strut length. In the following, we
vary the strut thickness t at any position x 2 ½0; L along its length
according to Gong et al. (2005)
tðnÞ
t0
¼ f ðnÞ ¼ pn4 þ n2 þ 1; n ¼ 0:5 x=L; ð4Þ
where p is a constant and t0 is the strut thickness at the middle of
the strut (n ¼ 0). For a given relative density q and a total number of
struts N in a specimen of widthW and height H, the thickness at the
middle of any strut of length L is given by
t0 ¼ qWHNL
Z
f ðnÞdn
 1
: ð5Þ
The above expression is obtained by assuming equal volume for all
the struts (each with a unit out-of-plane thickness) irrespective of
their lengths.
Stress–strain curves for the structures with p ¼ 10 and 86 are
compared with a uniform strut cross section in Fig. 6. The relative
density for the three cases is the same and taken to be 0.1. The de-
fault solid material properties and randomness parameter will be
used. A small degree of non-uniformity introduced for p ¼ 10 has
increased the elastic modulus compared to the uniform strut
cross-section. This is due to the fact that the bending stiffness ﬁrst
increases with increasing non-uniformity and then decrease below
a speciﬁc midspan thickness depending on the strut proﬁle
(Harders et al., 2005). For mildly non-uniform struts, the increased
strut thickness near the triple point gives a stiffer response in
bending due to the cubic dependence of bending stiffness on the
thickness, similar to what has been found in Mangipudi et al.
(2010) and Harders et al. (2005). However, in case of highly non-
uniform strut proﬁles (corresponding to p ¼ 86 for instance), forwhich the strut thickness decreases very rapidly producing a long
slender strut with thick ends, the thinner cross-section becomes
responsible for a low bending stiffness. Fig. 6 also shows that the
fracture stress ﬁrst increases with the strut proﬁle parameter p
and then decreases. Apparently, there is no signiﬁcant variation
in the peak strain for the values of p chosen in this study. The
mechanism of strength variation with strut proﬁle can be best ex-
plained by considering a regular hexagonal structure. The peak
stress of a regular hexagonal honeycomb with an elastic-fracture
material behavior shows a similar behavior for the two strut
non-linearities. The critical locations of damage initiation are
0.145 l0 and 0.165 l0 from the triple point for p ¼ 10 and 86, respec-
tively. The strut thickness at the critical locations is 0:88tuni and
0:56tuni for p ¼ 10 and p ¼ 86, respectively, with tuni referring to
the thickness of a uniform strut of a regular hexagonal honeycomb
with the same relative density. For the p ¼ 86 proﬁle, the curvature
developed at the critical location is nearly 3.7 times the curvature
at the critical location of the p ¼ 10 proﬁle for a given macroscopic
stress. Hence, the critical fracture strain will be reached for a lower
macroscopic stress in the highly non-uniform case with p ¼ 86.
Note, however, that no correction for the relative density has been
made here to account for the material redundancy due to overlap-
ping struts at a triple point. As the strut thickness near the triple
point increases with increasing non-uniformity in strut thickness,
the error in relative density will also be large (Gong et al., 2005).
This overestimated relative density might also be partly responsi-
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Fig. 8. Net section strength variation with notch depth in quasi-brittle structures
with a centrally located crack. Note that the data points are slightly separated
horizontally for clarity. The open circular symbols represent full CCP specimens
with the non-dimensional fracture energy equal to 3.
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uniform struts in Fig. 6.
In Fig. 7, we study the peak stress behavior by independently
varying the fracture energy and the fracture stress. Here, the elastic
modulus E is ﬁxed at the default value. The fracture stress is kept
constant at rF ¼ 41 MPa in Fig. 7(a) and C0 is varied by changing
the fracture displacement uf (see Fig. 2). In Fig. 7(b), the fracture
energy is C0 ¼ 7ð1=2Þð41 106Þ2ðl0=EÞ, corresponding to a normal-
ized fracture energy equal to 7 in Fig. 7(a). By changing the fracture
stress rF at constant fracture energy, uf is adjusted accordingly (see
Fig. 2). The relative density is 0.1 in both cases and the cellular
architecture is the same for all the curves in Fig. 7(a) and (b). As
the fracture energy is increased in Fig. 7(a), the second regime is
extended, increasing both the peak stress and the peak strain. It
can also be seen that with increasing fracture energy a shallow
unloading slope results. When the fracture stress is increased in
Fig. 7(b), the peak stress and peak strain also clearly increase.
The second regime gets shortened and the overall softening slope
becomes steeper with increasing fracture stress. To capture the ef-
fect of both the fracture stress and fracture energy, we introduce
the dimensionless parameter
a0
l0
¼ 2EC0
r2F l0
; ð6Þ
which is a measure of the ratio of the fracture energy to the stored
elastic energy in a strut, and is related to the fracture displacement
through a0 ¼ uf E=rF. The normalized peak stress and peak strain are
plotted as a function of the parameter a0=l0 in Fig. 7(c) and (d),
respectively. Clearly, both the peak stress and peak strain increase
monotonically with a0=l0. At small values of a0=l0, a quick enhance-ε*
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Fig. 7. Inﬂuence of the fracture energy and fracture stress on the stress–strain behavior
speciﬁc fracture energy C0 is ﬁxed in (b). The relative density and the Voronoi structure ar
stress and peak strain with a0=l0 is shown in (c) and (d), respectively.ment in the strength is achieved with increasing a0=l0, while for
large values of a0=l0, the gain in the strength has slowed down.
The peak stress values for both the ﬁxed rF and ﬁxed C0 cases coin-
cide (except for a0=l0 ¼ 50). In contrast, the normalized peak strain
shows a gradual increase in both cases for the range of a0=l0 values
considered here. The normalized peak strain for the ﬁxed rF case is
larger than the ﬁxed C0 case, with the difference increasing with
a0=l0, showing a 17% larger value for the largest a0=l0 value. By ﬁt-
ting the data in Fig. 7(c) and (d) to power-law relations, we ﬁnd thatε*
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is shown in (a) and (b), respectively. The fracture stress rF is ﬁxed in (a), while the
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1 The transition crack length is the crack length below which the strength of a
notched specimen approaches the unnotched strength and above which the notched
strength is determined by the K-ﬁeld stress singularity. See, for example, Chen et al.
(2001) for a discussion on the relation between the strength of notched panels and
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ing the data for a0=l0 ¼ 50), while fr=fr;HC shows a slightly larger
power of 0.4. This is in contrast with the stronger scaling of the peak
stress and peak strain with the relative density (Fig. 5) and the other
material parameters such as the critical fracture stress and the
strain hardening exponent observed for ductile honeycombs
(Mangipudi and Onck, 2011a). The dependence of the peak on
a0=l0 can be explained by considering the damage process during
the second regime. When a strut starts to damage in a loaded struc-
ture, the energy for the dissipative damage process will be provided
by the stored elastic energy in the structure. If the stored elastic en-
ergy is more than the required fracture energy, a brittle failure re-
sults with a local snap back instability. On the other hand, when
the stored elastic energy is less than the fracture energy, additional
energy has to be supplied to the system beyond damage initiation
by increasing the macroscopic stress in order to continue the dam-
age. As a result, the peak stress and peak strain increase with
increasing ratio of the fracture energy to the elastic energy (a0=l0).
We have also analysed central crack panels by varying the crack
length to specimen width ratio a/W for two fracture energy values
for constant specimen width W/d (d being the cell size). The
boundary conditions are shown in Fig. 3. The non-dimensional spe-
ciﬁc fracture energies 2EC0=ðr2F l0Þ are taken to be 3 and 30 in each
set. The net section strength normalized by the peak stress of
unnotched structures rUTS is shown in Fig. 8. The net section
strength is slightly (about 5%) larger than the unnotched structure
at a=W ¼ 0:18, after which a clear and monotonic decrease in net
section strength can be observed as the notch depth is increased.
For the same range of specimen size to cell size ratios, the elastic
strain ﬁeld in front of the notch tip in the crack plane has been
studied by Mangipudi and Onck (2011b). During elastic loading,
the strain right ahead of the notch tip is large compared to the ap-
plied macroscopic strain and quickly decreases away from the
notch tip. This notch tip strain concentration has been found to
increase with increasing a/W for a=W P 0:38. Associated with
the strain proﬁle, a stress concentration may be expected. We attri-
bute the observed moderate reduction in the net section strength
to the differences in the damage behavior due to the notch tip
stress concentration and the stress-free boundaries. The stress con-
centration at the notch tip is responsible for an early damage onset
and an accelerated damage development in the ligament reducingthe net section strength. However, no K-ﬁeld is predicted for the
combination of current a/d and W/d ranges. A simple estimate of
the transition crack length aT1 assuming a perfectly brittle honey-
comb shows that aT is on the order of a couple of cells (Fleck and
Qiu, 2007). This estimate for aT is on the same order as the maximum
crack length in our simulations. For a K-ﬁeld to exist, a=aT has to be
much larger than unity where a severe reduction in net section
strength leads to a notch-brittle behavior. Furthermore, the fact that
the normalized net section strength being unaltered at all notch
depths with the speciﬁc fracture energy reduced by one order of
magnitude (a0=l0 from 30 to 3 in Fig. 8) conﬁrms the absence of
any K-ﬁeld. The stress-free specimen boundaries also contribute to
a reduction in the net section stress in a similar fashion as in the case
of unnotched specimen size effects, see Fig. 4 of Mangipudi and Onck
(2011b) and its related discussion. The scatter in the net section
strength, which is introduced due to the stochastic nature of the
irregular structure, is relatively large for the deeper notches as a con-
sequence of using a symmetric half-specimen.
4. Comparison of quasi-brittle and ductile failure
The present study also reveals some interesting differences be-
tween the damage behavior of quasi-brittle and ductile foams. The
difference arises because of the presence of strain hardening. Fig. 9
compares the stress–strain curve from Fig. 4 with that of a ductile
strain hardening solid material, for the same Voronoi realization. In
this case, the critical fracture stress of the non-hardening solid is
equal to the yield stress of the ductile solid. The ductile solid has
a strain hardening exponent of Ns ¼ 0:1 and a fracture strain
eF ¼ 0:08, while the relative density, elastic modulus and the nor-
malized speciﬁc fracture energy are the same as the non-hardening
structure. Although damage in a couple of struts has already oc-
curred before the instant (I), no gross differences in the stress
and strain distribution have been found. Roughly beyond this in-
stance, the stress–strain curve becomes non-linear for both struc-
tures. In the quasi-brittle structure, a quick increase in thethe toughness dependent transition length.
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Fig. 9). The increment in the local effective stress (not shown here)
between (I) and (II) is more or less uniform in the ductile structure
due to the stress redistribution facilitated by strain hardening,
while in the quasi-brittle structure the incremental local effective
stress distribution between (I) and (II0) is inhomogeneous with
unloading in some parts. It is also interesting to note that for the
ductile foam the damage evolution is guided by the preceding plas-
tic deformation and damage appears only in the regions that
showed prior preferential plastic strain growth (see Fig. 9(b)). In
contrast, a large number of struts from various parts of the speci-
men begin to damage (about 150 struts at the peak) in the quasi-
brittle structure, see Fig. 9(c). From the location of struts with
accelerated damage aiding the formation of the ﬁnal crack in both
specimens (see the white symbols on the strain maps in Fig. 9), it
can be noticed that the same structural features contribute to local
failure, while the differences in the damage evolution and the ﬁnal
fracture mode are dependent on the stress redistribution caused by
strain hardening.
In notched specimens, the net section strength behavior in qua-
si-brittle structures is qualitatively similar to what has been found
in ductile structures at large a/W ratios (Mangipudi and Onck,
2011b). However, the increase in net section strength with the
introduction of a short crack is not very signiﬁcant in quasi-brittle
structures. This is due to the presence of a large number of damag-
ing struts distributed across the structure, which assist in ﬁnding a
low energy alternate fracture mode.
5. Concluding remarks
The primary goal of the present work is to investigate the
dependence of the peak stress on the fracture energy. Additionally,
we have also explored the inﬂuence of relative density and non-
uniform strut proﬁle on the damage and failure in quasi-brittleVoronoi structures. The inﬂuence of the speciﬁc fracture energy
is captured in a non-dimensional parameter which is a measure
of the ratio of the fracture energy to the stored elastic energy at
the onset of fracture. The peak stress and peak strain show a rela-
tively weak power-law dependence on this parameter with powers
of 0.15 and 0.4, respectively. A power-law dependence on the rel-
ative density has been observed for the peak stress with an expo-
nent of two similar to the plastic collapse stress of a ductile foam
and the crushing strength of a brittle foam. A highly non-uniform
strut proﬁle reduces the strength of quasi-brittle foams, while a
small deviation from a uniform proﬁle may be beneﬁcial for both
strength and stiffness.References
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